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81. Problem and Assumptions

This paper dedswith the lutions of the following differentid incluson problem:
Au  f(x,u), x Q;

(1

u=0, x Q,

where

Au(x) = - _ZDi[a(x,DU(X))],

Q c R'is a bounded domein with piecenise Lipschitz boundary 0Q , Du = (Diu, Dyu,

Dnu) , Diu:'aa;, i=1,2, ,N,andf:Q x R -2Risa st-vaued function.

Let p=2 beaninteger and qitsoonjugeteexponent,thatis,‘JF;FJc; =1. Let W"P(Q) derote

the usuad Sbolev pace and (W P(Q)) " its dud ace, - ,- the dudity pairing between the
dementsof (WP (Q)) “and W"P(Q), Il - Iy pand Il - Il ,the ormsin WP (Q) and in
LP(Q) regpectively. A partia orderingis definedin LP(Q) andin W?(Q) by u< vif andonly
if v- u beongsto the st L% (Q) o al nonnegetive dementsof LP(Q) .
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We inpose the gandard conditions of Leray-Lionstype (df.e.g. , [1] and [2]) on the functions
a: QxR LR, i=1,2, ,N, and thefollowing hypotheses on the function f :

(H1) The function& | —f(x &) is upper semicontinwus for a.a. x Q, and f(x,§) is
conpact-valued and convex-valued for a.a. x Q andfordl§ W' P(Q);

(H2) f(x£) isan order morotone function with repect to& W' P(Q) ,i.e., V€ ,r)
gaph(f) , V(N ,s) gaph(f), r<sifé <n;

(H3) There exigsa sngevauedfunction g(x) L% (Q) suchthat | f(x&)| < g(x) for a.
a x Q.

We ddfine the semilinear form

[(u,v) = _NZIQa(x, Du) Djvdx

on WP(Q) x WHP(Q) and derote that
O, ={w LYQ):w(x) f(x,u(x), u WeP(Q)}. (2)
A function u  W§'P(Q) issadto be aweak lution of problem (1) if there exists afunction w
@, such that

1(u,v) :J'Qwvdx, Vv WEP(Q). (3)
A function u Wg'P(Q) isan upper lution of (1) if
I(u,v) ZIdex, Yw D5, Vv WHP(Q) n L? (Q).

A lower lution is defined smilarly by reversng the albove inequdity.
Forany u W'P(Q) , we define an operator L : W§'P(Q) —(WG'P(Q)) " =w %(Q) by
Lu,v = I(u,v), Vv WP(Q) (4)

and a set-val ued operator K: W5 °(Q) oW '@ by
Ku = y W_l,q(Q) . EIW cDu, S.t. Y,V :LWVdX’ VV W%vP(Q)} ) (5)

Therefore , the variational problem of (1) can be described by operator form as follows:
Find u WsP(Q) such that
Lu  Ku. (6)

82. Generalized Monotone Iteration and
Exigence Theorem

We gpproximate a olution of (6) with the following iteration :
Sepl FAnd up W P(Q) such that

| (U, V) :Lgvdx, Vv  WEP(Q), (7)
where g sttifies (H3) . The equation (7) is olvable (df. [2], P.341). And by meansdf (H3)
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Ug is an upper Dlution of (1) .
Step 2 Choose afunction w, @y andfind ueer  Wo'P(Q) such that

I ( Ugs1, V) :L‘vvkvdx, Vv WhP(Q), k=0,1,2, (8)

Using the condiitions gven in the above section and ome rated resultsin [1], [3] and [4] ,
we can prove the following lemmas and theorem:

Lemmal Letu,v W' P(Q) and denote u* =max{ u,0}. Then

Lu- Lv, (u- vw*" =0.

Theorem 1  The two sequence { U} and { w,} generated by the iterative procedure (7) —(8)
are both nonincreasing.

Lemma 2 {uJ} and {wg} are uniformly bounded in Wg'?(Q) and inL%(Q) respectively.

Lemma 3([4] , Lemma 4.22) Let the sequence { u} converge to uweakly in WP (Q) and |
(ug,uc- u) - 1(u,u- u) -0 ask »o0. Then { ug} comergestoustronglyinwl'p(Q).

Now , let ug be a ©lution of the following equation :

I(u,v):-Lgvdx, Vv  WP(Q).

It is clear that g is a lower lution of (1) . Derote that C, ={ u} and C, ={ wy}. They are
ronincreasing well ordered chains in [ o, Uo] w!P@) and in [wo, wo] %0) repectively , where
[Wo, Uolwh@ ={u W P(Q): o < u < ug
and
[Wo,Wol %) = {w LYQ):wp < w < w.
The following are main conclugons of this paper.
Lemma 4 The sequence { U} converges to u ~ =inf C,weakly in W3'P(Q) and strongly in LP
(Q) , and the sequence { w,} converges tow ~ =irf G, strongly inL9(Q) .
Theorem 2 Thefunction u~ =irf Cis a solution f problem (6) .
Prod By usng the results of above lemmas we can deduce that

Lu’,v :Lw*vdx, Vv  W5P(Q). 9)

What remaines is to prove w~ ®,". For this pupose, we ddine a support function
O (f(x,w,v) (. [5], Ch.3) asnciated with f (x, u) asfollows:

o (f(x,u),V) :Wngvadx, Vv WP(Q).

S, we have
vakvdxso(f(x,lfk),v), Ywe @5, Vv WP(Q). (10)

From the hypothesis (H1) , f (x, u) is upper semicontinous & u . S we might as well deem
that , for any€ >0, there exiss an asociatedd >0 such that
lu” - ull p <0 =f(x,u) cp(f(x,u) g), aa x Q,
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where
PUFOx,ul) £) ={v LY@ : if Iv- wlg<e},

We then know , by means of Lemma 4, that
f(x,u) Sp(f(x,u’) €) (11)
if kislarge erough.
Taking the support function for (11) and noting (10) , we have the following inequdlity :

kavdx <o (f(x,u),v) <O(f(x,u’),v) +£, Vv WsP(Q).
By taking the limit when k —co and€ -0, we obtain
Lw*vdx <o(f(x,u’),v), Vv WPQ).

Noticing the conmpactness and convexity of f , it can be concluded that

w' oovi(x,u’) =f(x,u’).
Moreover , by Lemma 4, w = ®,". This result coupled with (9) shows usthat u~ satidies (3)
(i.e. ,(6)). The proof o Theorem 2 is conpleted.
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